We employ the ab initio non-perturbative time-dependent basis function (tBF) approach to study the scattering of the deuteron on 208 Pb below the Coulomb barrier. We obtain the bound and discretized scattering states of the projectile, which form the basis representation of the tBF approach, by diagonalizing a realistic Hamiltonian in a large harmonic oscillator basis. We find that the higher-order inelastic scattering effects are noticeable for sub barrier scatterings with the tBF method. We have successfully reproduced experimental sub Coulomb barrier elastic cross section ratios with the tBF approach by considering only the electric dipole (E1) component of the Coulomb interaction between the projectile and the target during scatterings. We find that the correction of the polarization potential to the Rutherford trajectory is dominant in reproducing the data at very low bombarding energies, whereas the role of internal transitions of the deuteron projectile induced by the E1 interaction during the scattering becomes increasingly dominant at higher bombarding energies.
I. INTRODUCTION
The development of ab initio theories of low-energy nuclear reactions is a long-standing goal in nuclear physics due to its significance in understanding the nucleon-nucleon (NN) interactions as well as reactions relevant to nuclear astrophysics. One of the main challenges in developing the ab initio nuclear reaction theories is to treat bound and scattering states of nuclei in a unified manner.
Several ab initio approaches, which are based on two-nucleon and in some cases also three-nucleon interactions, have been developed and turn out to be numerically tractable and successful in reproducing experimental data. For few-body systems with nucleon number A ≤ 4, the Faddeev [1] , Faddeev-Yakubovsky [2, 3] , hyperspherical harmonics (HH) [4] , the Alt, Grassberger, and Sandhas (AGS) [5, 6] , Lorentz integral transform (LIT) methods [7] [8] [9] , resonating group method (RGM) [10] , etc., are applicable and successful. For systems with more than four nucleons, very few approaches, such as the Green's function Monte Carlo (GFMC) [11] , the fermionic molecular dynamics (FMD) [12] , no-core shell model (NCSM) with RGM [13] [14] [15] [16] and the single-state harmonic oscillator representation of scattering equations (SS-HORSE) method [17] have been proposed. However, these successful approaches may be challenged to retain the full, non-perturbative quantal coherence of all the potentially relevant intermediate and final states in nucleus-nucleus reactions, especially for those involving unstable rare isotopes.
In Refs. [18, 19] , we proposed the ab initio non-perturbative, time-dependent basis function (tBF) method to investigate the dynamics of the Coulomb excitation of the deuteron (trapped with an external harmonic oscillator potential) by an impinging heavy ion. The tBF approach retains the full quantal coherence and therefore can be used to study the detailed dynamics for complicated scattering processes. In this work, we investigate the scattering of a deuteron projectile on a 208 Pb target below the Coulomb barrier (which is approximately 11 MeV) with an improved tBF method. Specifically, we calculate a quantity R(E d ) (defined in terms of ratios of elastic scattering cross sections in Ref. [20] ) below the Coulomb barrier which has been determined to be sensitive to the electric dipole (E1) polarizability of the deuteron (denoted with α). We therefore explore the effects of the polarization potential on the quantity R(E d ).
The present paper is organized as follows. In Sec. II, we present the theoretical framework of this paper. We present and discuss the results in Sec. III. Finally, we give a summary of our conclusions in Sec. IV.
II. THEORETICAL FRAMEWORK
In this paper we adopt the tBF approach to study the scattering of the deuteron projectile on the 208 Pb target below the Coulomb barrier. Detailed descriptions of this approach can be found in Refs. [18, 19] . Here we simply present a brief review for completeness. We also introduce an extension of the previous work to include a polarization potential acting on the deuteron.
The sketch of the scattering setup is presented in Fig. 1 . The scattering plane is taken to be the xz plane. The bare 208 Pb (with all electrons removed) target is fixed at the origin (we work in the lab frame so the equivalent assumption is that the target is infinitely massive). For simplicity, we take it to be a point-like nucleus in this work. The initial velocity of the deuteron projectile is parallel to the z axis, with E d the corresponding bombarding energy. b denotes the impact parameter. We treat the center of mass (COM) of the projectile as moving along a classical trajectory, which is determined by the interaction between the projectile and the target. The time-dependent vector r(t) denotes the position of the COM of the neutron-proton (np) system with respect to the origin during the scattering. The full Hamiltonian of the np system moving in the time-dependent background field produced by 208 Pb can be written as
where V int (t) denotes the time-dependent interaction between the projectile and the target. H 0 denotes the "free" Hamiltonian for the intrinsic motion of the np system:
with T rel and V NN being the relative kinetic energy and the NN interaction, respectively. The eigenstates, both the bound state and the scattering states, of the projectile can be solved from the eigenequation,
where E j and |β j represent the eigenvalue and the corresponding eigenvector, respectively. The subscript j is an index for the bound and scattering states. In practice, we adopt the three-dimensional (spherical) harmonic oscillator (3DHO) representation to solve Eq. (3). The parameters of the 3DHO basis include the basis strength ω and the basis truncation parameter N max (defined as the maximum of twice the radial quantum number plus the orbital angular momentum) [21, 22] . Once the basis size is sufficiently large (scaled by N max ), the lowest lying state coincides with the deuteron bound state, while all the other excited states are regarded as a discretized approximation of the continuum [23, 24] . The equation of motion (EOM) of the projectile during the scattering, in the interaction picture, can be written as
where V I (t) denotes the time-dependent interaction between the projectile and the target in the interaction picture. The subscript "I" specifies the interaction picture. By virtue of using H 0 to generate the time evolution, we are including the interactions of the np system in the intermediate and final states involved in the scattering. Note that we adopt the natural units and seth = c = 1 throughout this paper. For the tBF method, we solve the state vector |ψ; t I via the non-perturbative multistep differencing scheme up to the second-order (MSD2) [25] in the basis representation formed by the set of state vectors {|β j } in Eq. (3).
In the present paper, we consider only the E1 component of the Coulomb interaction between the projectile and the target since that is known to be the dominant deuteron excitation mode for sub barrier scatterings [26] . During the scattering, the time-dependent interaction V I (t) [Eq. (4)] induces the E1 transitions of the projectile [18, 19] . Hence, the inelastic effects in this paper stem entirely from E1 transitions. We do not consider the excitation of 208 Pb since this effect is expected to be two orders of magnitude smaller than the Coulomb dissociation of the deuteron [20] . The influence of vacuum polarization, atomic screening and relativistic corrections on the quantity R(E d ) are also found to be small [20, 26] and therefore these effects are not taken into account in the present calculation.
We examined the effect of the magnetic dipole (M1) transitions of the np system induced by the time-dependent electromagnetic interaction between the projectile and the target with the tBF method. We found that the effects of the M1 transitions were negligibly small compared to the effects of the E1 transitions below the Coulomb barrier and would not affect the conclusions of this paper so we omit the M1 transitions at the present time.
For scattering well below the Coulomb barrier, the Rutherford trajectory is thought to be a good first-order approximation. The Rutherford trajectory is determined by the following Coulomb potential
where Z represents the charge number of the target (Z = 82 in this paper). However, the Coulomb field produced by the target also polarizes the projectile and this leads to a correction to the Coulomb potential. This effect can be taken into account by a polarization potential V pol [20, 26, 27] . Some authors [20, [26] [27] [28] ] employ a polarization potential obtained from second-order perturbation theory which is written as
α is the E1 polarizability of the deuteron which is defined as [28] 
where the indexes 0 and n denote the ground state and the E1 excited states of the deuteron, respectively. B(E1; 0 → n) represents the electric dipole strength for the coupling between the deuteron ground state and the E1 excited state |n . Following Ref. [29] , we introduce a regulator r 0 to the polarization potential to approximate the finite-size effects of the projectile and the target. The corresponding polarization potential becomes
The value of r 0 should be approximately the sum of the charge radii of the projectile and the target. In practice, we determine r 0 by fitting experimental data. We then solve for the trajectory of the COM of the projectile with the combined potential,
Since we take classical trajectories in this work, the differential cross section of the elastic scattering is evaluated as
where P el denotes the elastic scattering probability and is obtained from the tBF calculations. The classical differential cross section dσ dΩ class is calculated using a trajectory defined by the adopted potential acting on the COM of the deuteron (either V c or V pot ) and is represented by
where b and θ denote the impact parameter and the scattering angle, respectively. For reference, in the case where V c alone is used, the Rutherford cross section would emerge since b = Ze 2 2E d cot θ 2 . In light of available experimental data [20] we calculate the following quantity R(E d )
where σ(E d , θ) = 2π dσ dΩ el denotes the differential cross section of the elastically scattered deuterons at angle θ with the bombarding energy E d .
III. RESULTS AND DISCUSSIONS
In this work, we calculate the scattering of the deuteron projectile on the 208 Pb target below the Coulomb barrier with the tBF approach so that the bound and breakup channels of the deuteron are treated coherently. The 208 Pb target is treated as a classical source of a static external Coulomb field acting on the COM of the deuteron and a source of the E1 transitions within the deuteron system. To obtain the bound and breakup states of the deuteron projectile, we solve Eq. (3) for the deuteron with the NN interaction constructed from the chiral effective field theory. In particular, we employ an NN interaction of the Low Energy Nuclear Physics International Collaboration (LENPIC) [30] [31] [32] [33] [34] up to N 4 LO (which we refer to as LENPIC-N 4 LO). The LENPIC interactions employ a semilocal coordinate-space regulator and we adopt the interaction with the regulator of 1.0 fm [33, 34] . We will test other NN interactions in future applications in order to investigate tBF scattering conditions that could constrain the off-shell properties of the realistic NN interaction.
We set the initial state of the projectile to be in its ground state ( 3 S 1 − 3 D 1 channel). The polarization will be defined for each of the specific applications below. Since E1 transitions respect the conservation of the total spin S of the np system, we take only channels with S = 1 into account. We restrict the total angular momentum J to be J ≤ 2 though higher angular momentum states could, in principle, be populated through higher-order transitions. We introduce a quantity E cut to represent the upper energy limit of the retained scattering states of the np system. We discuss below our choice E cut = 14 MeV and its adequacy. To be specific, we adopt the eigenstates of the np system with eigenenergies below E cut in 3 S 1 − 3 D 1 , 3 P 0 , 3 P 1 , 3 D 2 and 3 P 2 − 3 F 2 channels to form the basis representation of the tBF approach in this work.
In Fig. 2 , we present the E1 polarizability of the deuteron [see Eq. (7)] as a function of the truncation parameter N max which is calculated with the LENPIC-N 4 LO NN interaction for two basis strengths (ω = 10 and 20 MeV) of the 3DHO basis. We also present two sets of results extracted from experiments along with their quoted uncertainties [20, 35] for comparison. We find from Fig. 2 that the E1 polarizability of the deuteron predicted by the LENPIC-N 4 LO interaction reaches a convergent value at sufficiently large N max and that the E1 polarizability is independent of ω. The converged value α = 0.635 fm 3 is consistent with the two results extracted from experimental data [20, 35] . The E1 polarizability of the deuteron based on the LENPIC-N 4 LO interaction is also close to the results predicted by other realistic NN interactions [36, 37] . In Fig. 3 , we present the spectrum of the np system calculated by the LENPIC-N 4 LO interaction in the 3DHO basis with ω = 20 MeV. We take the truncation parameter of the 3DHO basis to be N max = 200. With restriction of E cut = 14 MeV, we obtain 165 bound and discretized scattering states (including all degenerate states), in total, by solving Eq. (3). We investigate the scattering of the deuteron on 208 Pb at E d = 7 MeV and θ = 150 • by the tBF method employing the basis representation formed by these 165 states. We note in passing that 165 states are far from our computational limits but are sufficient for our purposes in the present work. For the initial state we take a polarized deuteron in its ground state ( 3 S 1 − 3 D 1 , M = −1) which is the blue level in Fig. 3 . In the calculation, we adopt the polarization potential described by Eq. (8) whose only free parameter r 0 will be determined by a final fit in Fig. 4 . After scattering, the sum of the populations of the kinematically forbidden states, i.e., those with excitation energy above 7 MeV, is on the order of 10 −5 which is negligibly small and is taken as the numerical uncertainty for each state's population. We therefore present the populations of states with excitation energy below 7 MeV (81 states in total) in Fig. 3 . The population of each state after scattering is denoted by the thickness of the energy level. We signify states allowed and forbidden by E1 in first-order perturbation theory by the black and red levels in Fig. 3 , respectively. For simplicity we will refer to these states as either "E1 allowed" or "E1 forbidden" accordingly.
After the time evolution, we observe populations in all the E1 forbidden states in Fig. 3 . Around 43 percent of the E1 forbidden states are populated significantly above the level of numerical uncertainty. As addressed in Ref. [19] , E1 forbidden states populate via multiple coherent transition paths among all the states during the time evolution in the tBF approach. We find that the populations in several E1 forbidden states are comparable to those in the E1 allowed states, which indicates the significance of the higher-order inelastic scattering effects that emerge in these tBF calculations. In the left panel of Fig. 4 [panel (a) ], we display the quantity R(E d ) [Eq. (12) ] for the scattering of the deuteron on 208 Pb at E d = 3 − 7 MeV calculated by the tBF method. We take an unpolarized deuteron ground state (evenly weighted coherent sum of magnetic substates) at the initial time. We also present the experimental data in Fig. 4 for comparison [20] . We take the same LENPIC-N 4 LO NN interaction and truncation parameters (i.e., N max = 200 and E cut = 14 MeV) as in Fig. 3 . We have checked the convergence of the quantity R(E d ) with respect to N max and E cut by increasing each over a 20 percent range (i.e., N max = 240 and E cut = 16.8 MeV). We find that the most significant change of R(E d ) is on the order of 10 −4 (for E d = 7 MeV). Therefore the results in Fig. 4 are numerically accurate within the resolution of the graph with the present choice of N max and E cut .
We obtain the red solid curve in panel (a) of Fig. 4 by adopting trajectories which are determined by the Coulomb potential supplemented with the polarization potential, i.e., V pot = V c + V pol . We take the E1 polarizability in the polarization potential to be α = 0.635 fm 3 (the converged value presented in Fig. 2 for this NN potential) . We determine the only free parameter r 0 to be r 0 = 8.5 fm, in the polarization potential by fitting the experimental data in Fig. 4 . We find that our value of r 0 is approximately the sum of the charge radii of the deuteron and 208 Pb, which is about 7.6 fm [38] . The error band (grey region) is evaluated by introducing 5 percent change to α and r 0 . That is, the upper (lower) boundary is obtained with α = 0.603 fm 3 (α = 0.667 fm 3 ) and r 0 = 8.925 fm (r 0 = 8.075 fm). In panel (a) of Fig. 4 , we find that our tBF results (red solid curve) reproduce the experimental data for E d = 3 − 7 MeV.
For comparison, we also plot in panel (a) of Fig. 4 the quantity R(E d ) predicted by the tBF method with the Rutherford trajectories which are not corrected by the effects of the polarization potential (blue dotted line). We find this calculation is not able to describe the experimental data. This suggests the correction to the Rutherford trajectory arising from the polarization potential is crucial for reproducing the experimental data.
For the classical Rutherford scattering, we have dσ dΩ el = dσ dΩ R since P el = 1 and dσ dΩ class = dσ dΩ R [Eq. (10)] where dσ dΩ R represents the Rutherford differential cross section. Based on the Rutherford scattering formulae, it After the scattering of d+ 208 Pb at E d = 7 MeV and θ = 150 • , the occupation probability of each state is calculated by the tBF method and denoted by its thickness as indicated in the legend. The E1 allowed and forbidden states are distinguished by the black and red levels, respectively. The initial state (blue level with occupation probability P = 0.976 after scattering) is taken to be ( 3 S1 − 3 D1, M = −1).
is easy to see that σ(E d ,θ1) σ(E d ,θ2) in Eq. (12) is independent of E d and hence R(E d ) = 1 for the Rutherford scattering. Therefore the deviation of the quantity R(E d ) from unity, i.e., 1 − R(E d ), indicates the deviation of a scattering from the classical Rutherford scattering.
In the following analyses we denote the quantity on the red solid line in Fig. 4 (a) as R a (E d ) and the quantity on the blue dotted line in Fig. 4 (a) by R b (E d ) for convenience. For the tBF results with the correction of the polarization potential to the Rutherford trajectories (red solid line), 1 − R a (E d ) is induced by the following effects:
1. internal transitions of the projectile induced by the E1 interaction between the projectile and the target during the scattering which lead to P el < 1, 2. the correction of the polarization potential to classical Rutherford trajectories which gives rise to dσ dΩ class < dσ dΩ R . However, for the tBF approach without the correction of the polarization potential (blue dotted line), 1 − R b (E d ) is purely induced by the internal E1 transitions in the projectile. We also find that P el in both cases with (red solid curve) and without (blue dotted line) the corrections of the polarization potential are nearly the same. This signifies that the effects of the internal transitions are very similar and can be measured by 1−R b (E d ) in both cases. Therefore we can approximately evaluate the significance of the internal transitions (out of the above two effects) in generating Fig. 4 . The larger the quantity T (E d ) is, the more the internal transitions contribute to 1 − R a (E d ) compared to the polarization potential. We find from panel (b) that the effect of the internal E1 transitions of the projectile on 1 − R a (E d ) is negligibly small at very low bombarding energies compared to the effect of the polarization potential. As the bombarding energy increases, we find that the contribution of the internal transitions of the projectile to 1 − R a (E d ) becomes increasingly dominant, although both effects mentioned above are enhanced.
Our results can be contrasted and compared with previous analyses. It is reported in Ref. [20] that the polarization potential plays the dominant role in explaining the experimental R(E d ) below 5.5 MeV based on an optical potential model. This conclusion is confirmed by Ref. [26] with employing a complex and energy-dependent dynamic polarization potential. Our result is consistent with the conclusion of these two papers. However, a discrepancy between Ref. [20] and Ref. [26] arises for E d > 5.5 MeV. It is predicted in Ref. [20] that the strong interaction between the projectile and the target becomes increasingly important for 5.5 MeV< E d < 7 MeV. Calculations in Ref. [26] indicate that R(E d ) is always dominated by the polarization potential over this energy range though the strong interaction becomes increasingly significant with increasing energy. We are closer to Ref. [26] since we find that the internal E1 transitions of the projectile play the dominant role in reproducing experimental data for 5.5 MeV< E d < 7 MeV.
IV. SUMMARY AND CONCLUSIONS
We investigated the scattering of the deuteron projectile on the 208 Pb target below the Coulomb barrier based on the ab initio non-perturbative time-dependent basis function (tBF) approach. We constructed the basis representation of the deuteron ground state and discretized scattering states of the np system by diagonalizing a realistic Hamiltonian based on the LENPIC NN interaction at N 4 LO in a sufficiently large harmonic oscillator basis. In our calculations, we employed the E1 polarizability α (in the polarization potential) obtained with the same NN interaction and consistent with the two existing experimental values. We then applied the non-perturbative tBF approach to take higher-order E1 transitions into account. We showed significant high-order effects were present by comparing the populations of E1 allowed and forbidden states after a scattering of d+ 208 Pb at E d = 7 MeV and θ = 150 • . By considering all the possible E1 transition paths among all the states involved in the tBF approach and taking into account the corrections of the polarization potential to Rutherford trajectories, we successfully reproduced the quantity R(E d ) measured in experiment for 3 MeV < E d < 7 MeV [20] . We found that both the internal E1 transitions of the deuteron projectile and the corrections of the polarization potential to the classical Rutherford trajectories were essential for reproducing experimental data in these sub barrier experiments. More specifically, the correction of the polarization potential to the Rutherford trajectory played the dominant role in reproducing experimental data at the lowest bombarding energies that we considered while the role of the internal E1 transitions of the deuteron projectile became increasingly dominant as the bombarding energy increased.
